Exercise 6C: Solutions

"~

1 Ifall three angles are less than 60°, then the sum of interior angles of the triangle would be less than 180°. This is
a contradiction as the sum of interior angles is exactly 180°.

2 Suppose there is some least positive rational number P Then since,

q
p_r
2q q
there is some lesser positive rational number, which is a contradiction. Therefore, there is no least positive
rational number.

3 Suppose that ,/p is an integer. Then

vP=m,
for some n € Z. Squaring both sides gives

p=n’

Since n + 1, this means that p has three factors: 1, n and n2. This is a contradiction since every prime number
has exactly two factors.

4 Suppose that x is rational so that z = P where p,q € Z. Then,
q

3F =2
L
= 39 =2
PN 4
= (3"-') =29
= 3Ir=27
The left hand side of this equation is odd, and the right hand side is even. This gives a contradiction, so z is

not rational.

5 Suppose that logs b is rational so that logy 5 = % where p,q € Z. Then,

P
2q —
P
= 29 =5
J AN
= (2 9| =57
= 2P =57
The left hand side of this equation is odd, and the right hand side is even. This gives a contradiction, so x is
not rational.
6 Suppose the contrary, so that ,/z is rational. Then
p
r = —,
vE q
where p, g € Z. Then, squaring both sides of the equation gives,
p?
xIr = —2,
g

where p?, ¢> € Z. Therefore, x is rational, which is a contradiction.

7 Suppose, on the contrary that a + b is rational. Then
rational rational
——
b=(a+b)— b

Therefore, b is the difference of two rational numbers, which is rational. This is a contradiction.
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Suppose b and ¢ are both natural numbers. Then

-b=14
(c—b)(c+b)=4.
The only factors of 4 are 1,2 and 4. And sincee +b > c— b,
c—b=1landec+b=4.

. . : 2 _
Adding these two equations gives 2¢ = 5 so that ¢ = = which is not a whole number.

Suppose that there are two different solutions, z; and zs. Then,

ari +b=cand axe - b=c.
Equating these two equations gives,

ary +b=azry 4+ b
ar]; — axrs
I = I9, (since a # 0)

which is a contradiction since the two solutions were assumed to be different.
Every prime p > 2 is odd since if it were even then p would be divisible by 2.

Suppose there are two primes p and p such that p + g = 1001. Then since the sum of two odd numbers is

even, one of the primes must be 2. Assume p = 2 so that ¢ = 999. Since 999 is not prime, this gives a
contradiction.

Suppose that
42a + 7b = 1.

Then
7(6a +b) = 1.
This implies that 1 is divisible by 7, which is a contradiction since the only factor of 1 is 1.

Suppose that
15a + 21b = 2.

Then
This implies that 2 is divisible by 3, which is a contradiction since the only factors of 2 are 1 and 2.

Contrapositive: If n is not divisible by 3, then n? is not divisible by 3.
Proof: If n is not divisible by 3 then eithern = 3k + 1 orn = 3k + 2.
(Case 1) If n = 3k + 1 then,
n? = (3k +1)2
= 0k* + 6k + 1
=3(3k% +2k) +1

is not divisible by 3.
(Case 2) If n = 3k + 2 then,

n? = (3k +2)2
—0k? + 12k +4
—0k? +12k+3+1
=3(3k + 4k +1) +1

is not divisible by 3.



b  This will be a proof by contradiction. Suppose /3 is rational so that /3 = % where p, g € Z. We can assume

that p and g have no common factors (or else they could be cancelled). Then,
=3¢ (1)

p? is divisible by 3

p is divisible by 3

p = 3k for some k € N

(3k)? = 3¢>(substitituting into (1))

3¢% = 9k?

¢ = 302

q° is divisible by 3

q is divisible by 3.

L

So p and g are both divisible by 3, which contradicts the fact that they have no factors in common.

13a  Contrapositive: If n is odd, then n® is odd.
Proof: If nis odd then n = 2k + 1 for some k ¢ Z. Therefore,
n® = (2k+1)*
— 8k + 12k% + 6k + 1
= 2(4k* + 6% + 3k) + 1

is odd. Otherwise, we can simply quote the fact that the product of 3 odd numbers will be odd.

b  This will be a proof by contradiction. Suppose +2 is rational so that v/2 = % where p, ¢ € Z. We can assume

that p and g have no common factors (or else they could be cancelled). Then,
P=2¢ (1)

p® is divisible by 2

p is divisible by 2

p=2kforsome k € N

(2k]3 — 2¢°(substitituting into (1))

2¢° = 8k*

q* = 4k®

q?' is divisible by 2

q is divisible by 2.

T TR T

So p and g are both divisible by 2, which contradicts the fact that they have no factors in common.

14 This will be a proof by contradiction, so we suppose there is some a,b € Z such that
a?—4b—2=0
=a’=4b+2
=a=2(20+1) (1)
which means that a? is even. However, this implies that a is even, so that a = 2k, for some k € Z. Substituting
this into equation (1) gives,
(2k)2 = 2(2b + 1)
4k = 2(2b+ 1)

ok —2h 41
2k _92p=1
2(k? —b) = 1.

This implies that 1 is divisible by 2, which is a contradiction since the only factor of 1 is 1.



15a Suppose on the contrary, thata > \/n and b > /n. Then
ab > /n,/m =n,

which is a contradiction since ab = n.

b If 97 were not prime then we could write 97 = abwhere 1 < a < b < n. By the previous question, we know
that

a < /97 < /100 = 10.
Therefore a is one of
{2,3,4,5,6,7,8,9}.

However 97 is not divisible by any of these numbers, which is a contradiction. Therefore, 97 is a prime
number.

16a Letm = 4n +rwherer =0,1,2,3.
(r = 0) We have,

m? = (4n)?
— 16n?
= 4(4n?)
is divisible by 4.
(r = 1) We have,
m? = (4n + 1)2
— 1602 + 8n +1

— 4(4n? +2n) +1

has a remainder of 1.
(r = 2) We have,

m? = (4n + 2)*
= 1612 + 16n + 4
— 4(4n? + 4n +1)

is divisible by 4.
(r = 3) We have,
m? = (4n + 3)*
=16n% + 24n + 9
—16n® + 24n + 8 +1
— 4(4n? + 6n +2) + 1

has a remainder of 1.

Therefore, the square of every integer is divisible by 4 or leaves a remainder of 1.

b Suppose the contrary, so that both a and b are odd. Thena = 2k + 1 and b = 2m + 1 for some k, m < Z.
Therefore,

=a? 1+

= (2k+1)2 + (2m +1)2
— 4k + 4k +1+4m? = 4m + 1
= 4(k? + m? + k+m) + 2.

This means that ¢ leaves a remainder of 2 when divided by 4, which is a contradiction.



17a  Suppose by way of contradiction either a # ¢ or b # d. Then clearly both a # ¢ and b # d. Therefore,

a+by/2=c+dy2

(b—d)y2=c—a
c—a
V2=

Since ; — z € @, this contradicts the irrationality of /2.

b  Squaring both sides gives,
3+2v2 = (c+dy3)’
34+ 2v2 = + 2cdv2 + 2d°
3+2v2 =c® + 2d* + 2cdV/2

Therefore

e+2d2=3 (1)
ed=1 (2

Since ¢ and d are integers, this implies thate = d = 1.

18 There are many ways to prove this result. We will take the most elementary approach (but not the most elegant).
Suppose that
ar’+bz+e=0 (1)

has a rational solution, = g We can assume that p and g have no factors in common (or else we could
cancel). Equation (1) then becomes
ar’> +br+¢c=0
2
(5) 12(5)
q q
ap’ +bpg+cg® =0 (2)

Since p and g cannot both be even, we need only consider three cases.
(Case 1) If p is odd and q is odd then equation (2) is of the form

odd + odd + odd = odd =0.

This is not possible since 0 is even.
(Case 2) If pis odd and g is even then equation (2) is of the form

odd + even + even = odd = 0.[f]

This is not possible since 0 is even.
(Case 3) If p is even and g is odd then equation (2) is of the form

even + even + odd = odd = 0.

This is not possible since 0 is even.



